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An efficient, general strategy was de®eloped for numerically sol®ing the system of
equations that describe a pH gradient under local-equilibrium conditions when the elu-
tion buffer contains arbitrary numbers of both adsorbed and unadsorbed buffering species
( )weak electrolytes and for a weak- or strong-base ion-exchange column packing. Since
the method in®ol®es the solution of algebraic equations, instead of partial differential
equations, it can be used to rapidly determine the effluent pH profile gi®en the adsorp-
tion equilibrium constants for the buffering species. It can also be used iterati®ely to
determine the adsorption equilibrium constants for the buffering species from an experi-
mentally determined effluent pH profile as well as to determine the composition of the
elution buffer required to achie®e a desired shape for the pH gradient gi®en the adsorp-
tion equilibrium constants for the buffering species. The calculation method is ®erified
experimentally and used to illustrate the beha®ior of chromatographic methods which
employ retained pH and ionic strength gradients.

Introduction

A number of chromatographic methods for proteins utilize
retained pH gradients, that is, pH gradients which travel
through the column more slowly than the velocity of an unad-
sorbed solute. These methods include the analytical-scale
technique of chromatofocusing, which employs a synthetic
polymer buffer containing large numbers of individual buffer-

Ž .ing species weak electrolytes to produce a linear pH gradi-
Žent Sluyterman and Elgersma, 1978; Sluyterman and Wijde-

.ness, 1978; Amersham Pharmacia Biotech, 1980 , the prepar-
ative-scale technique of buffer-focusing chromatography,
which typically employs mixtures of well-defined buffering
species to produce a gradient consisting of multiple stepwise

ŽpH fronts Frey et al., 1995; Frey, 1996; Hearn and Lyttle,
.1981; Hutchens et al., 1986a,b , as well as certain variations

of displacement chromatography where a retained pH front
formed using adsorbed buffering species is utilized as a pro-

Ž .tein displacer Narahari et al., 1998 . As discussed by Frey et
Ž . Ž .al. 1995 and Frey 1996 , retained gradients suitable for

these applications can be formed whether or not the column
packing has a buffering capacity provided that the buffering
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species present are adsorbed by the packing and have prop-
erly chosen concentrations.

The detailed behavior of chromatographic processes em-
ploying retained pH gradients can be investigated using nu-
merical calculations which account for both equilibrium and
mass-transfer behavior, and which involve the solution of

Žcoupled systems of partial differential equations Frey et al.,
.1995 . However, this approach tends to be unsuitable for rou-

tine design and optimization purposes, especially when signif-
icant numbers of buffering species are present, since it gener-
ally requires large computer resources. One alternative is to
neglect mass-transfer resistances and assume that the liquid
and adsorbed phases are in equilibrium throughout the col-
umn. Local-equilibrium theories of this type are well suited
for the case of large numbers of buffering species since they
yield relatively simple systems of coupled algebraic equa-
tions. In addition, despite their use of simplifying assump-
tions, local-equilibrium theories still yield the essential fea-
tures of the pH gradient needed for the basic design and
optimization of chromatographic processes, such as the tran-
sit times for the pH fronts and the compositions of interme-
diate plateaus on the pH profile.

Analytical solutions to local-equilibrium theories for cer-
tain presaturation and elution conditions where adsorbed
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buffering species are present are discussed by Helfferich and
Ž . Ž .Bennett 1984a,b and Frey 1996 . In the present study these

approaches are extended, and an efficient, general strategy is
developed which can accommodate arbitrary numbers and
types of buffering species. The method developed here is
suitable, therefore, for investigating chromatographic pro-
cesses which employ moderate to large numbers of weak-acid
and weak-base buffering species with defined physical prop-
erties, as well as for synthetic polymer buffer systems in which
case a large number of buffering species can be used to ap-
proximate the pH titration curve of actual elution buffer.

Acid-Base Equilibrium Relations
For monofunctional weak-acid or weak-base buffering

species having only monovalent ionic forms, the acid-base
dissociation reactions can be written

Ao| Ay q Hq 1Ž .i i

Bq | B oq Hq 2Ž .i i

where Ay and Ao are the negatively charged and neutrali i
Ž .forms of the acidic anion-forming buffering species A , andi

Bq and B o are the positively charged and neutral forms ofi i
Ž .the basic cation-forming buffering species B . In this articlei

Žthe symbols A and B denote either a buffering species such
.as A or any of the charged forms of the buffering speciesi

Ž y.such as A according to context. Equations 1 and 2 lead toi
the following equilibrium relations

K sC y C qrC o 3Ž .A A H Ai i i

K sC oC qrC q 4Ž .B B H Bi i i

Equation 3 yields the following expressions for the amount of
each form of A present in terms of the total amount pre-i
sent, with similar expressions also applying to Bi

C q CH Ai
oC s 5Ž .Ai

qC q KH Ai

K CA Ai i
yC s 6Ž .Ai

qC q KH Ai

Ž q yIf inert ions ions such as Na or Cl which do not partic-
q y.ipate in acid-base equilibrium, denoted here as I and I

are present, the liquid-phase electroneutrality condition can
be written as

N NA B qK C C CA A H Bi i i
q yC yC y qÝ ÝI I

q qK qC K qCA H B His1 is1i i

K w
qqC y s0 7Ž .H

qCH

where K is the dissociation constant for water. When thew
total amounts of each buffering species are specified, the so-
lution of Eq. 7 yields C q, which can be substituted into Eqs.H
5 and 6 and the corresponding equations for B to determinei
the concentrations of all ions present.

Adsorption Equilibrium for Buffering Species
For simplicity, the following development applies to the

case of an anion-exchange adsorbent where the adsorption of
cations formed from the buffering species is ignored. Since at
equilibrium the chemical potential of any electrically neutral
combination of ions is the same in the adsorbed and liquid
phases, an expression that accounts for the adsorption of the
anionic species Ay can be writteni

yZ y yZAyA iiq y y q yq q s K C C 8Ž . Ž .Ž .H A A ads H Ai i i

where for convenience Hq is used to form the electrically
neutral ion combination despite the fact that it is assumed
subsequently that the concentration of this ion is small enough
to be neglected in the electroneutrality condition. In Eq. 8,
q y denotes the equilibrium quantity of Ay in the adsorbedA ii

phase per unit volume of particle, not including the buffering
species in the particle pores, and K y is an equilibriumA adsi

parameter which accounts for osmotic pressure effects and
thermodynamic nonidealities. This latter parameter is as-
sumed to be independent of composition. For the case of a
weak-base ion-exchanger, the ionizable functional groups at-

Ž .tached to the adsorbent denoted as q are included in theRi

adsorbent electroneutrality condition which, assuming there
are no cations other than Hq adsorbed, can be written as

N NA R qq q KH R w ,ad si
qq y q q y s0 9Ž .Ý ÝA Hi

q qK q q qR H His1 is1 i

For the case of a strong-base ion exchanger, and if the con-
centrations of Hq and OH- are assumed to be small com-
pared to the other ions present, then the electroneutrality
condition for the adsorbed phase can be written

NA

yq s q 10Ž .ÝR Ai
is1

where q is the total ion-exchange capacity. Equations 8 andR
10 can be combined to yield an explicit expression for the
total amount of adsorbed buffering species

q K C r C qq KŽ .R A A H Ai i i
yq s 11Ž .A Ni A

y y qK K C r C q KŽ .Ý A A ,ad s A A H Aj i j j j
js1

In Eq. 11, K y y is the ion-exchange equilibrium selectiv-A A ,adsj i

ity, which is given by the ratio K y rK y . With the as-A ,ads A ,adsj i
Ž .ysumption that only anions are adsorbed q s q , theA Ai i

ion-exchange selectivities K y y determine the ad-A A ,ad sj i

sorbed-phase composition, and one of the parameters K yA ,ad si

can be set arbitrarily to unity. Equation 11 is similar to an
Ž .equation developed by Jones and Carta 1993 except that in

Eq. 11 the ion-exchange selectivity is assumed constant and
the concentrations of Hq and OHy are assumed to be small
enough to be ignored in the electroneutrality relations. These
two assumptions also apply to all the calculations in the re-
mainder of this study.
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To account for the adsorption of neutral forms of the
buffering species, it will be assumed that the equilibrium
amount of the neutral form adsorbed is linearly related to
the amount of this form in the liquid phase, in which case the

Ž .total amount of adsorbed buffering species q is given byAi

adding the product C o K o to q y, where q y is calcu-A A ads A Ai i i i

lated as described above and K o is an adsorption equilib-A adsi
Ž .rium constant Reichenberg and Wall, 1956; Feitelson, 1969 .

The selection of a linear adsorption equilibrium relation re-
flects the fact that in this study the liquid-phase concentra-
tions of the buffering species are small compared to the ion-
exchange capacities of the column packings used so that the
adsorption of neutral species is generally a minor contributor
to the total amount adsorbed.

Additional details concerning the description of adsorption
Ž .equilibrium used in this study are given by Frey et al. 1995

Ž .and Strong and Frey 1997 . Related approaches are dis-
Ž . Ž .cussed by Klein et al. 1982 , Jones and Carta 1993 , Jansen

Ž . Ž .et al. 1996 , and Bellot et al. 1999 . Another related ap-
proach in which adsorption is represented entirely as the
complexation of neutral forms of buffering species by neutral
forms of the functional groups on the column packing is given

Ž . Ž .by Garcia and King 1989 and Yoshida et al. 1995 . The
equivalence of this latter approach and the approach used in
this study in terms of the adsorption isotherms which apply is

Ž .discussed by Frey 1997 .

Coherence Conditions
The differential material-balance relation for any buffering

species can be written

­ C ­ C ­ e C q qŽ .A A A Ai i i ia q a ® q 1y a s0 12Ž . Ž .f luid­ t ­ x ­ t

For uniform presaturation and elution conditions, the veloc-
Žity of a stepwise change in composition a self-sharpening

. Ž .front consistent with Eq. 12 is given by Wankat, 1990

®f luid
® s 13Ž .DC q y q1y a e 1y aŽ . Ž . A ,u A ,di i1q q

a a C yCA ,u A ,di i

where the subscripts u and d denote the upstream and
downstream composition plateaus.

In this study, it is assumed that all composition changes are
coherent in the sense that a stepwise composition change
continues to span a fixed composition range for every compo-

Ž .nent as it travels downstream Helfferich and Klein, 1970 .
Under these conditions, Eq. 13 implies that the following re-

Žlation applies to any two buffering species that is, species Ai
.and Aj

q y qq y q A ,u A ,dA ,u A ,d j ji i s 14Ž .
C yC C yCA ,u A ,d A ,u A ,di i j j

ŽNote that, for a retained front that is, a front with a velocity
.less than that of an unadsorbed solute , the concentrations of

all unadsorbed buffering species and unadsorbed inert ions

do not vary across the front, in which case those components
have the same concentrations throughout the column as in
the elution buffer.

Solution Strategy and Numerical Methods
Although the algebraic equations in the preceding section

can be solved for arbitrary presaturation and elution buffer
compositions, the cases discussed below tend to be the most
useful in preparative or analytical chromatography and, in
particular, are those where the pH decreases monotonically
over the major portion of the gradient.

Strong-base ion-exchange adsorbent presaturated with a
( )weak-acid buffering species Case 1

Ž . Ž .This case is discussed by Frey et al. 1995 , Frey 1996 ,
Ž .and Narahari et al. 1998 . As illustrated by the numerical

calculations shown in Figure 1a, if an anion-exchange column

Figure 1. Calculated effluent pH and buffering species
concentration profiles for Cases 1 and 2.

Ž .Case 1 part A involves a strong-base anion-exchange col-
umn packing where a s 0.35, e s 0, n s 0.1 cmrs, Ls10fluid
cm, d s 90 mm, and q s1 M. The symbol Iq denotes anp R
inert cation while A , A , and A denote weak-acid buffer-1 2 3
ing species with pK values of 7.5, 7, and 6, respectively.a
The column was presaturated at pH 8 with 50 molrm3 Iq

and 66 molrm3 A and eluted with 50 molrm3 Iq and 831
molrm3 of both A and A . K y s1 and K 0 s1 for2 3 A ,ads A ,adsi Ž . Ž .all buffering species and t s Lrn . b Case 2 part B0 fluid
involves a weak-base anion-exchange column packing where
a s 0.35, e s 0, n s 0.1 cmrs and where there is onefluid
strong-base and one weak-base functional group on the col-
umn packing both with concentrations of 500 molrm3 and
with the latter having a pK of 8.25. The symbol Iq denotesa
an inert cation while A , A , and A denote weak-acid1 2 3
buffering species with pK values of 7.5, 7, and 6, respec-a
tively. The column was presaturated at pH 8 with 50 molrm3

Iq and 66 molrm3 A and eluted with 50 molrm3 Iq and 831
molrm3 of both A and A . K y s1, K 0 s1, and2 3 A ,ads Ai,ad si
D s 8=10y11 m2rs for all buffering species and t seff 0
Lrn .fluid
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is presaturated with a weak-acid buffering species titrated
Ž .with a strong base such as, NaOH to the presaturation pH

and eluted with a mixture of weak-acid buffering species
titrated with a strong base to the elution pH, and also if the
buffering species present in the presaturation buffer has the

Ž .lowest adsorption affinity the lowest value of q rC of allA Ai i

the buffering species present, then the effluent concentration
profile consists of one unretained front where the concentra-
tion of the presaturation buffering species changes, and a se-
ries of retained fronts which are generally self-sharpening.

Figure 1a also indicates that the buffering species appear
in the effluent one-by-one in order of their adsorption affini-
ties. This behavior follows directly from Eq. 13 and the ob-
servation that a species appearing in the effluent profile is
present on only the upstream side of a front so that the quan-
tity in square brackets in Eq. 13 reduces to q rC , thatA ,u A ,ui i

is, the adsorption affinity on the upstream side of the front
where the buffering species appears. Note that for the case
where there is no adsorption of neutral species, the relative
adsorption affinity of a pair of buffering species is given by
combining Eqs. 6 and 10 to yield

q y C K ypH10 q KA A A Aj i j i
y y' K 15Ž .A A ,ad s ypHj i

yq C Kž /10 q KA A A Ai j i j

The development given above implies that if there are n
buffering species in the elution buffer, then there are a total
of nq1 pH fronts in the effluent profile and that, with the
exception of the presaturation plateau, the sum of the buffer-
ing species concentrations present on any plateau is equal to
the sum of those concentrations in the elution buffer pro-
vided that there is no adsorption of the neutral forms of the
buffering species.

If Eq. 11 is written for the two buffering species A and Ai j
and substituted into Eq. 14, the result is the coherence condi-
tion written entirely in terms of the liquid-phase pH and liq-
uid-phase concentrations of the buffering species. Consider
the situation where the pH and composition of the n acidic
buffering species in the elution buffer are specified along with
the pH and composition of the presaturation buffer. Since
the acidic buffering species with the highest adsorption affin-
ity will be absent from the plateau adjacent to the elution

Žplateau that is, the plateau on the downstream side of the
.slowest pH front , the pH and concentrations of the ny1

acidic buffering species on this plateau can be solved for us-
Ž .ing the liquid-phase electroneutrality condition Eq. 7 along

with ny1 independent versions of the coherence condition
obtained using ny1 pairs of buffering species present in the
elution buffer. After obtaining the composition and pH in
this manner on the plateau adjacent to the elution plateau,

this process can be repeated to solve for the pH and concen-
trations of the ny2 buffering species present on the next
plateau in the downstream direction.

For the particular case where there is no adsorption of the
neutral forms of the buffering species and when the composi-
tion of the presaturation buffer is specified, then the concen-
tration of the single buffering species on the next two plateaus
in the upstream direction from the presaturation plateau is
equal to the sum of concentrations of the buffering species in
the elution buffer, and the concentrations and pH values as-
sociated with these plateaus will not be considered unknown
variables. In addition, the requirement that the sum of the
concentrations of the buffering species on any particular

Ž .plateau with the exception of the presaturation plateau
equals the sum of those concentrations in the elution buffer
can replace any one of the coherence conditions on each
plateau in the system of equations to be solved. In this case,
when there are n buffering species in the elution buffer, there
are ny2 independent subsystems of algebraic equations con-

Ž .Ž .taining a total of ny2 nq3 r2 independent equations and
an equal number of unknowns. The unknowns are the
liquid-phase compositions and pH values on all the interme-
diate plateaus, with the exceptions noted above. The equa-
tion subsets can be solved sequentially starting at the elution
plateau, and consist of the coherence conditions for a partic-
ular pH front together with the liquid-phase electroneutrality
condition for the plateau on the upstream side of that front.

Weak-base ion-exchange adsorbent presaturated with a
( )weak-acid buffering species Case 2

Ž . Ž .This case is discussed by Frey et al. 1995 and Frey 1996
and illustrated by the numerical calculations in Figure 1b. As
shown in the figure, when a weak-base anion-exchange col-
umn is presaturated with a single weak-acid buffering species,
and then eluted with a mixture of weak-acid buffering species
all of which have adsorption affinities larger than that of the
presaturation buffering species, then the general behavior is
similar to Case 1, except that the first front to exit the col-

Ž .umn the front adjacent to the presaturation plateau is re-
tained by the column. In addition, the sum of the concentra-
tions of the buffering species on each composition plateau is
no longer equal to that sum in the elution buffer even when
there is no adsorption of the neutral forms of the buffering
species. Nevertheless, as was the situation in Case 1, when
there are n buffering species in the elution buffer, there are
a total of nq1 pH fronts in effluent profile.

If Eqs. 6, 8, and 14 are combined, the coherence condition
can be written in terms of the liquid-phase buffering species
concentrations and the pH in the liquid and adsorbed phases
as

z zy yA Ai i
y y q q q y y q q qK C rq C q K C rK y K C rq C q K C rKŽ . Ž .Ž . Ž .A A ,ad s H ,u H ,u H ,u A A ,u A A A ,ad s H ,u H ,u H ,d A A ,d Ai j i i i i j i i i

C yCA ,u A ,di i

z zy yA Aj j
q q q q q qC rq C q K C rK y C rq C q K C rKŽ . Ž .Ž . Ž .H ,u H ,u H ,u A A ,u A H ,u H ,u H ,d A A ,d Aj j j j j j

s 18Ž .
C yCA ,u A ,dj j
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Furthermore, if the pH and composition of the elution buffer
is specified, then the liquid-phase pH and composition of all
other composition plateaus can be determined using methods
similar to those described for Case 1 by considering each re-
maining plateau in sequence starting with the plateau adja-
cent to the elution plateau. For example, if the elution buffer
contains n acidic buffering species, then the liquid- and ad-
sorbed-phase pH and the liquid-phase concentrations of the
ny1 acidic buffering species present on the composition
plateau adjacent to the elution plateau can be determined by
solving ny1 independent versions of Eq. 18, written for ny1
pairs of acidic buffering species present in the elution buffer,
and the electroneutrality conditions for the liquid and ad-

Ž .sorbed phases Eqs. 9 and 11 . Therefore, when n acidic
buffering species are present in the elution buffer, there are

Ž 2n independent subsets of equations containing a total of n
.q3nq2 r2 equations and an equal number of unknown vari-

ables to solve. The unknown variables consist of the concen-
trations of the buffering species and the liquid- and ad-
sorbed-phase pH values on a particular plateau, while the
equation subsets consist of the coherence conditions for a
particular front and the electroneutrality conditions for the
liquid and adsorbed phases for the plateau on the down-
stream side of that front.

Weak-base ion-exchange adsorbent presaturated with a
( )weak-base buffering species Case 3

Ž .This case is also discussed by Frey et al. 1995 and Frey
Ž .1996 and corresponds to conditions typically recommended
for use with commercially available chromatofocusing adsor-

Ž .bents and buffers Amersham Pharmacia Biotech, 1980 . As
shown by the numerical calculations shown in Figure 2, when
a column is presaturated with a weak-base buffering species
titrated to the presaturation pH with a strong acid, and eluted
with an elution buffer containing several weak-acid buffering
species titrated to the elution pH with a strong base, all the
pH fronts formed are retained by the column. As in Cases 1
and 2, the buffering species present in the elution buffer ap-
pear one-by-one in order of their adsorption affinities in a
series of retained fronts.

As also shown in Figure 2, the inert anion present in the
Žpresaturation buffer the anion associated with the strong acid

.used to form the presaturation buffer tends to increase
somewhat in the first front to exit the column, to be nearly
constant for several subsequent fronts, and to then decrease
to zero in one or more final fronts that are nonself-sharpen-
ing in nature. Note that for a nonself-sharpening front, only
the velocity of the front’s center and not the entire front shape
can be determined by the methods described here. In addi-
tion, the pH may increase in the upstream direction on the
last front to exit the column, instead of decreasing in that
direction as is the case for all the other fronts considered
here, so that a pH minimum may occur in the gradient. Nev-
ertheless, as was the situation in Cases 1 and 2, when there
are a total of n buffering species in the elution buffer, there
are nq1 pH fronts in the effluent profile. Finally, note that,
for all three cases discussed here, a determination of whether
a particular front is self-sharpening or nonself-sharpening can
be performed using, among a variety of alternatives, the en-

Ž .tropy admissibility criterion discussed by Frey 1990 .

In general for Case 3, the coherence conditions for all the
fronts must be solved simultaneously together with the elec-
troneutrality conditions in the liquid and adsorbed phases for
each plateau in order to determine the compositions on each
plateau. However, as shown in Figure 2, it may be a reason-
able approximation under some conditions to assume that the
concentration of the inert anion is constant across all the
fronts, except the final one to exit the column. Using this
assumption, the structure of the equations to be solved be-
comes similar to Case 2, that is, the unknowns for each
plateau are the buffering species concentrations and the pH
values of the liquid and adsorbed phases. These variables can
be solved for using the liquid- and adsorbed-phase elec-
troneutrality conditions and one coherence conditions for
each component on the plateau. Therefore, if there are a
total of n buffering species in the elution buffer, there will be
n subsystems of equations, which in this case contain a total

Ž .of n nq5 r2 equations and an equal number of unknown
variables to solve for. In addition, the equation subsystems
can be solved sequentially starting at the upstream end of the
column as in Case 2.

Experimental Methods
Chromatography was performed using either Q Sepharose

Fast Flow strong-base ion-exchange stationary phase or PBE
Ž94 weak-base ion-exchange stationary phase Amersham

.Pharmacia Biotech, Piscataway, NJ packed into either a 10
Žcm=1 cm I.D. or a 20 cm=1 cm I.D. glass column Omnifit,

.Cambridge, U.K. , or using a 5 cm=0.5 cm I.D. packed glass
column containing Mono Q strong-base ion-exchange station-
ary phase, also obtained from Amersham Pharmacia Biotech.
The chromatography equipment consisted of a SpectraSys-
tem P4000 gradient pump, a SpectraSystem UV 2000 ab-
sorbance detector, and a SpectraSystem SCM 1000 Vacuum

ŽMembrane Degasser Thermo Separation Products, San Jose,
.CA . The pH was measured by a Sensorex pH electrode

seated into a flow cell and connected to an Orion Model 701A
ŽIonalyzer pH meter. The buffering species were 3- N-mor-

. Ž . Žp h o lin o p ro p a n e su lfo n ic a c id M O P S , 2 - N -
. Ž . Žmorpholino ethanesulfonic acid MES , N-Tris hydroxy-

. Ž .methyl methylglycine Tricine , 2-amino-2-hydroxymethyl-
Ž . Ž1,3-propanediol Tris , acetic acid, and formic acid Sigma,

.St. Louis, MO . All buffers were vacuum filtered before use.

Determination of Adsorption Equilibrium Constants
Several experiments in which a given packing material was

presaturated with one buffering species and eluted with sec-
ond buffering species were performed to determine the ad-
sorption equilibrium constants for the two species. To facili-
tate the interpretation of the data, the column was presatu-
rated with the buffering species having the highest adsorp-
tion affinity of the pair being investigated so that the concen-
tration fronts formed were primarily nonself-sharpening in
nature and therefore had shapes that were more sensitive to
the values of adsorption equilibrium constants as compared
to the case where self-sharpening fronts exist. Values for the
equilibrium constants were determined by manually compar-
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Figure 2. Effluent pH and buffering species concentra-
tion profiles for Case 3.
Calculations are for a weak-base anion-exchange column
packing where a s 0.35, e s 0, n s 0.06 cmrs, Ls10 cm,fluid
d s 45 mm. It was assumed there were 15 types of func-p
tional groups on the column packing, with 14 of the groups
each having concentrations of 26 molrm3 and pK valuesa
evenly spanning the range from 3 to 9.5 and with the final
functional group being strongly basic and having a concen-
tration of 430 molrm3 . The symbol Iy denotes an inert an-
ion, B denotes a weak-base buffering species with a pK1 a
value of 8.0, and A , A , A , A , and A denote weak-acid1 2 3 4 5
buffering species with pK values of 8, 7, 6, 5, and 4, re-a
spectively. The column was presaturated at pH 8 with 50
molrm3 B and 25 molrm3 Iy and eluted with 50 molrm3 B1 1
and 17.5 molrm3 of all the acidic buffering species. K yA ,i ads
s1, K 0 s1, and D s 8=10y7 cm2rs for all bufferingA ,ads effi
species and t s Lrn .0 fluid

ing measured effluent pH profiles with profiles calculated us-
Ž .ing the numerical method described by Frey et al. 1995 .

Although the numerical method used accounts for mass-
transfer resistances, these effects are small for the case where
the fronts are primarily nonself-sharpening so that the fitted
equilibrium parameters are insensitive to the assumed mass-
transfer parameters.

Figure 3 gives typical results of the procedure just de-
scribed for the Q Sepharose Fast Flow column packing. In
general, the pH profiles in these experiments consist of an
initial relatively steep front followed by a small plateau, which
is followed in turn by a broader front. However, when the pH
change for the two fronts is in the same direction, such as in
Figure 3, and when the pH plateau between the two fronts is
very small, then the entire profile appears to be a single front.
The types of pH profiles shown in Figure 3 are especially
convenient for fitting experiments to theory since the posi-

Žtion of the early part of the profile the first front, which
.does not involve the ion exchange of adsorbed ions is deter-

mined by the adsorption equilibrium constants of the neutral
forms of the buffering species while the shape of the latter

Žpart of the profile the second front, where one ion in the
.adsorbed phase is exchanged for another ion is determined

primarily by the adsorption equilibrium constants for the
charged forms of the buffering species.

Figure 3. Comparison between experimentally mea-
( )sured solid line and theoretically calculated

( )dashed line effluent pH profiles.
Conditions correspond to a 8.5=1 cm I.D. column packed
with Q Sepharose Fast Flow presaturated with 25 molrm3

NaOH titrated with acetic acid to pH 4.5 and eluted with 25
molrm3 NaOH titrated with MES to pH 6.5. The flow rate
was 1 mLrmin. The parameters used in the theoretical cal-
culations are described in Table 1.

Tables 1 and 2 summarize results from the data fitting pro-
cedure for the Q Sepharose Fast Flow and PBE 94 column
packings. For simplicity in fitting the data, and because of
the dilute conditions used, the pore volume of the particles
was neglected, that is, it was assumed that e s0 so that the
amounts adsorbed are based in effect on the total amount of
buffering species within the exterior surface of the adsorbent
particles, including the buffering species in the particle pores.

The results shown in Tables 1 and 2 indicate that, for the
two column packings, the adsorption capacity varied some-
what depending on what pair of buffering species was em-
ployed. Nevertheless, the values for the total adsorption and
buffering capacities shown in Tables 1 and 2 agree reason-
ably well with those reported by the column packing manu-

Ž .facturer Amersham Pharmacia Biotech, 1980 . The results
shown also indicate that within the experimental error, a sin-
gle value for K 0 of 1.25 adequately describes the adsorp-A ,adsi

tion of the neutral forms of the buffering species. Further-
more, this value for K 0 is comparable to the value forA ,adsi

this parameter determined by other investigators for similar
Ž .systems Reichenberg and Wall, 1956 . In general, the values

for K y and K 0 given in Tables 1 and 2 are accurateA ,ads A ,adsi i

to within approximately 25% and 50%, respectively, as deter-
mined by the sensitivity of the calculated pH profiles in Fig-
ure 3 to the values of those parameters. Although the fact
that the effluent pH profile tends to be insensitive to the
adsorption equilibrium constant means that some uncertainty
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Table 1. Adsorption Equilibrium Constants and other Prop-
erties for Various Buffering Species on Q Sepharose

Fast FlowU

ypK MW K qa A , Ri ads

Acetate 4.8 60 1.0 -
MES 6.1 195.2 0.70 270
MOPS 7.2 209.3 0.94 220
Tricine 8.1 179.2 1.2 210

U Values correspond to experiments where either Tricine, MES, or MOPS
was used to elute a column initially presaturated with the acetate ion.
a s 0.35 and e s 0 were assumed in the determination of the values
shown and, for all the species, the approximate best fitting value for
K o was 1.25. Representative experimental conditions are describedA ,ad si
in the caption to Figure 3.

results when these constants are determined from the profile,
it also means that highly accurate adsorption equilibrium
constants are generally not needed to predict the effect of
the elution buffer composition on the effluent pH profile, as
demonstrated below.

Related studies of ion-exchange equilibrium for aliphatic
carboxylic acids performed by other workers indicate that
K y tends to decrease with increasing molecular weightA ,adsi
Ž .with decreasing pK although carboxylic acids that are rela-a
tively hydrophobic can have larger values of K y thanA ,adsi

Žmight be expected on the basis of their size alone Diamond
.and Whitney, 1966 . An example of this trend is given by the

behavior of the strong-base styrene-divinylbenzene anion ex-
changer Dowex-1 X10 manufactured by Dow for which the

Ž .y yion-exchange selectivities K for formate and chlo-A A ,adsj i

ride ions, for acetate and chloride ions, and for butyrate and
Žchloride ions, are 0.21, 0.13, and 0.26, respectively Diamond

.and Whitney, 1966 . In a previous study in this laboratory,
the method illustrated in Figure 3 was used to determine that
the ion-exchange selectivity for formate and acetate ions on
Q Sepharose Fast Flow is 1.6, which is in agreement with the
molecular weight trend just mentioned and the ratio
K y y rK y y using the selectivities re-formate Cl ,ad s acetate Cl ,ad s

Ž .ported above Strong and Frey, 1997 . The apparent lack of a
definitive trend with molecular weight or pK in Tables 1a
and 2 is therefore likely due to the complex effects of the
size, pK , and hydrophobicity of the buffering species on theira
adsorption affinity.

Table 2. Adsorption Equilibrium Constants and Other Prop-
erties for Various Buffering Species on PBE 94U

yK qA ,ad s Ri 15

Acetate 1.0 y
MES 0.85 240
MOPS 0.85 210
Tricine 0.76 200

UThe functional groups on the column packing were accounted for using
14 types of weak-base groups with concentration of 35 molrm3 and pK a
values that span the range from 3 to 9.5 in 0.5 unit increments with an
additional strong-base functional group, denoted as q , having a con-R15
centration given in the table. Values correspond to experiments where
either Tricine, MES, or MOPS was used to elute a column initially pre-
saturated with the acetate ion. a s 0.35 and e s 0 were assumed in the
determination of the values shown and, for all the species, the approxi-
mate best fitting value for K 0 was 1.25. Representative experimentalA ,adsi
conditions are described in the caption to Figure 4.

Prediction of Effluent pH Profiles Using
Local-Equilibrium Theory

Figure 4 illustrates a comparison of experimental data and
calculations using local-equilibrium theory for Case 1 where
a strong-base ion-exchange column packing is employed,
where the column is originally presaturated with the buffer-
ing species having the lowest adsorption affinity, and where
the column was eluted with two different mixtures of other
buffering species having higher adsorption affinities. As illus-
trated in the figure, and as discussed previously, local-equi-
librium theory yields values for the transit times of the pH
fronts and the pH values on the plateaus separating these
fronts which, although not a complete characterization of the
effluent profile, nevertheless permits a reasonable compari-
son between theory and data. Note that the parameters used
in the local-equilibrium calculations illustrated are taken from
Table 1, except that an average value for q was employed.R
As shown, reasonably good agreement is achieved, with the
small discrepancies observed likely due to the imprecision in
the values of K y and q used, and to the fact thatA ,ad s Ri

K y is likely not constant as assumed, but is instead aA ,ad si

function of composition to some degree.
Figure 5 illustrates experimental data and calculations us-

ing local-equilibrium theory for Case 2 where a weak-base
ion-exchange column packing is employed, where the column
is again originally presaturated with the buffering species
having the lowest adsorption affinity, and where the column
is eluted with two different mixtures of other buffering species

Figure 4. Comparison between experimentally mea-
( )sured solid line and theoretically calculated

( )dashed line effluent pH profiles for Case 1.
Conditions correspond to a 8.5 x 1 cm I.D. column packed
with Q Sepharose Fast Flow presaturated with a buffer made
by titrating a 25 molrm3 NaOH with TRICINE to pH 8.1
and eluted with a buffer consisting of 25 molrm3 NaOH, 51
molrm3 MOPS, 61 molrm3 MES titrated with acetic acid to
pH 5.0. The flow rate used was 1 mlrmin. The parameters
used in the calculations are given in Table 1.
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Figure 5. Comparison between experimentally mea-
( )sured solid line and theoretically calculated

( )dashed line effluent pH profiles for Case 2.
Conditions correspond to a 16 x 1 cm I.D. column packed
with PBE 94 presaturated with a buffer consisting of 20
molrm3 NaOH titrated with TRICINE to pH 8 and eluted
with a buffer consisting of 20 molrm3 NaOH, 50 molrm3

MOPS and 10 molrm3 MES titrated with acetic acid to pH
6.0. The flow rate used was 1.0 mLrmin. Parameters used
for the theoretical calculations are given in Table 2.

having higher adsorption affinities. The adsorption equilib-
rium constants used in the calculations were again taken from
Table 2, except that an average value for the concentration of

Ž .the strong-base function group on the column packing qR15

was employed. As shown, reasonably good agreement was
again achieved between experiment and theory for this case.

Figure 6 illustrates a comparison between experimental
data and calculations using local-equilibrium theory for Case
3 where a weak-base ion-exchange column packing was pre-
saturated with the chloride ion, and then eluted with a mix-
ture of MOPS and MES. The physical parameters used in
the calculations were again taken from Table 2 with an aver-
age value for q employed. In addition, a value of 2.0 wasR15

used for K y in order to achieve the best agreement be-Cl ,ad s
tween theory and experiment. Note that the resulting value
for the ion-exchange selectivity for the chloride and acetate
ions is also 2.0, which is nearly equal to the value of 2.5 de-

Ž .termined for this selectivity by Helfferich and Bennett 1984b
for the ion exchanger Amberlite IRA-400 manufactured by
Rohm and Haas, but significantly less than the value of 7.5
determined for this selectivity for the ion exchanger Dowex-1
X10, as discussed earlier. As shown in the figure, good agree-
ment was again achieved between theoretical results and ex-
perimental data for the conditions shown.

Simulation of a Chromatographic System
Employing a Polyampholyte Elution Buffer

As discussed previously, the equations resulting from
local-equilibrium theory for Case 3 can be simplified if it is

Figure 6. Comparison between experimentally mea-
( )sured solid line and theoretically calculated

( )dashed line effluent pH profiles for Case 3.
Conditions correspond to a 16 x 1 cm I.D. column packed
with PBE 94 presaturated with a buffer consisting of 40
molrm3 Tris titrated with HCl to pH 8.1 and eluted with a
buffer at pH 6.2 consisting of 40 molrm3 Tris, 50 molrm3

MOPS and 50 molrm3 MES. The flow rate used was 1.0
mLrmin. Parameters used for the theoretical calculations are
given in Table 2 along with K y s2.0.Cl ,ads

assumed that the inert ion used to presaturate the column
Ž .such as the chloride ion has a fixed concentration in the
mobile phase except in the final front to exit the column
where the concentration of this ion changes to its value in the
elution buffer. Figure 7 illustrates a comparison of experi-
mental data taken from the literature for the case where a
commercial polyampholyte elution buffer and the PBE col-

Žumn packing were employed Amersham Pharmacia Biotech,
.1980 and calculations using local-equilibrium theory with the

simplifications just mentioned. To perform the calculations,
the polyampholyte elution buffer, which in reality consists of
a very large number of individual species, was represented as
a mixture of 5 weak-acid and 5 weak-base buffering species
all having concentrations of 0.35 molrm3 so that the buffer-
ing capacity of the elution buffer was equal to that of the
polyampholyte buffer used. The concentrations and proper-
ties of the functional groups attached to the PBE 94 column
packing are those given in Table 2. In addition, to fit the
experimental data, the values of 2.0 and 0.25 were used for
the adsorption equilibrium constants for the chloride ion and
for the buffering species, respectively. The latter value is less
than that used for the buffering species in Tables 1 and 2,
which reflects that the buffering species in the polyampholyte
buffer are large hydrophilic organic ions that likely have ad-
sorption affinities smaller than those in the tables. Other
conditions are described in the caption to Figure 7. As shown
in the figure, good agreement was achieved between data and
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Figure 7. Comparison between experimentally mea-
sured and theoretically predicted effluent pH
profiles for the case where a polyampholyte
elution buffer is employed.
The polyampholyte buffer is represented as a mixture of 5
weak-acid and 5 weak-base buffering species, with pKa val-
ues of 8, 7, 6, 5 and 4 and 8, 7, 6 and 5, respectively, and
with concentrations of 0.35 molrm3. Other parameters used
in the theoretical calculations are described in Table 2. Ex-
perimental data are taken from Amersham Pharmacia

Ž .Biotech 1980 .

theory, which indicates the calculation method has applica-
tions in the simulation of these types of systems.

Computer-Aided Design of the Elution Buffer for
Protein Chromatography

In this section the numerical methods described previously
are extended to permit the determination of the adsorption
equilibrium constants of the buffering species from experi-
mentally measured pH profiles consisting of multiple self-
sharpening fronts, and the determination of the composition
of the elution buffer needed to achieve a desired effluent pH
profile from these adsorption equilibrium constants.

Figure 8 illustrates a pH gradient formed using an elution
buffer containing two buffering species and a strong-base an-

Ž .ion-exchange column packing Strong, 1997 . Also shown are
local-equilibrium theory calculations in which the physical
properties used were chosen to achieve the best fit to the
experimental results. In particular, to fit the experimental

Ždata, distances between corresponding ‘‘corner points’’ the
.points at the edges of the pH plateaus for the experimental

and calculated profiles were squared and summed, and the
sum was then minimized by adjusting the values of the ad-
sorption equilibrium constants and the total adsorption ca-
pacity. As illustrated, good agreement was achieved between
the theoretically predicted and experimentally measured pH
profiles using this procedure.

Figure 8. Comparison between experimentally mea-
( )sured solid line and theoretically calculated

( )dashed line effluent pH profiles for a 5 x 0.5
cm I.D. column packed with Mono Q at a flow
rate of 1 mLrrrrrmin.
In part A the elution buffer was composed of 40 molrm3

MES and 78 molrm3 formic acid. In part B the elution buffer
was composed of 40 molrm3 MES, 50 molrm3 acetic acid,
and 53 molrm3 formic acid. Both experiments employed
MOPS as the presaturation buffering species. The fractiona-
tion of an E. Coli cell lysate is also illustrated in part B
which shows the UV absorbance at 280 nm in the column
effluent resulting from the injection of 20 mL of lysate. Cal-
culations correspond to a s 0.35, e s 0, q s 0.57, K 0R A ,ad si
s1.25 for all the buffering species, and K y s0.60, 0.65,A ,ad si
1.0, and 1.6 for MOPS, MES, acetate and formate, respec-
tively.

In order to demonstrate the utility of local-equilibrium the-
ory for computer-aided design of the elution buffer composi-
tion, the numerical methods developed in this study were used
to determine the concentrations of acetic and formic acids
needed in the elution buffer so that this buffer has a pH of
4.2 and so that an additional pH plateau is formed in the
column effluent with a pH of 4.75. To perform the design
procedure, the ratio of K y for formic and acetic acidsA ,ad si

was assumed to be 1.6, which is the value of this ratio deter-
Ž .mined for Q Sepharose Fast Flow by Strong and Frey 1997

as discussed previously, and local-equilibrium theory was em-
ployed to determine the amounts of acetic and formic acids
required to achieve the desired gradient. Figure 8b illustrates
a comparison of the experimentally measured and theoreti-
cally predicted pH gradient for the selected acetic and formic
acid concentrations where it can be seen that the elution
buffer used yields a pH gradient having the desired proper-
ties. Although the errors involved in determining the adsorp-
tion equilibrium constants by the method illustrated in Fig-
ure 8a will generally be larger than those determined using
the method earlier, the effluent pH profile is largely deter-
mined by the elution buffer composition, as discussed previ-
ously, so that reasonably accurate predictions of the effluent
pH profile are still possible, as shown in Figure 8b.
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Figure 8b also illustrates the fractionation of proteins from
an E. coli cell lysate achieved using the modified pH gradi-
ent described above, with the lysate used described by Nara-

Ž .hari et al. 2001 . As shown, a number of protein bands are
evident in the column effluent, with the narrowest bands lo-
cated on the stepwise pH fronts in the gradient due to the
focusing effects present at those locations, in agreement with

Ž .the discussion by Strong and Frey 1997 . The results in Fig-
ure 8b, as well as similar results discussed by Strong and Frey
Ž . Ž .1997 and Narahari et al. 1998 , indicate that pH gradients
consisting of retained self-sharpening fronts can fractionate
proteins in a manner similar to the more common technique

Žof using multiple stepwise ionic strength gradients Gerberd-
.ing and Byers, 1998 . For this reason, the numerical methods

and associated computer-aided design methods illustrated in
this study are likely to be of value as a means for optimizing
the former type of chromatographic process.

Conclusions
An efficient, general strategy is developed for solving the

system of algebraic equations describing local-equilibrium
theory for retained pH gradients formed using an ion-ex-
change column packing and any number of adsorbed and un-
adsorbed buffering species in the elution buffer. The method
is able to determine the position of the pH fronts and the
compositions of intermediate plateaus on the effluent pH
profile. Results from the method are in good agreement with
experimental data and have applications in the design and
optimization of chromatofocusing processes and related
chromatographic methods which employ retained pH and
ionic strength gradients.
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Notation
C sconcentration in liquid phase, molrm3

A
K sadsorption equilibrium constant for buffering speciesA ,ad s

K sion-exchange equilibrium constant for a pair of bufferingA B,ad s
species

K sliquid-phase dissociation constant for buffering species,A
molrm3

K sdissociation constant for water, mol2rm6
W

N stotal number of buffering speciesA
q sconcentration per unit volume of particle, molrm3

A
q stotal exchange capacity per unit volume of particle, molrm3

R
R sion-exchange functional group in adsorbenti

tstime, s
® sinterstitial velocity of liquid, mrsfluid
® svelocity of a concentration change, mrsDC

xsaxial distance in column, m
zsionic charge

a sinterstitial porosity
e sinternal porosity of particle

Superscripts
qspositive charge
ysnegative charge
osuncharged

Subscripts
adssadsorbed phase
A sacidic buffering speciesi
B sbasic buffering speciesi
dsdownstream composition plateau
isliquid phase
iscomponent i
Isinert ion
usupstream composition plateau
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